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Abstract

The use of a theoretical solution based on an elastically
supportecd strip adjacent to a crack in a monocoque cylinder under
pressure leads to the determination of the critical parameters of the

R,2

problenm:. These are a) the pressure parameter A =% (-t) and

b) the crack parameter lcr/\/Ti-t'. Two unknown factors C, and
CZ representiny the amount of elastic support and the sensitivity of
the material to crack growth respectively must be determined
experimentally. When this is Jone, use of the derived equations

leads to critical crack lengths which are in reasonable agreement

with experix.ne ntal results,
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‘ Introduction

The protlem of the critical crack lenyth in a pressurized
cylinder is of greai importance to the aircraft anc missile industry.
The critical crack length is defined as that lengtn of'crack or slot in
the skin of a cylindrical shell thai will be self-propagating under the
stress field in the snell. Any crack length smaller than critical will

only cause loss of pressure through leakage,

Analysis of the Problem

The basic parameters of the problem may be obtained by
considering an element of the shell near the reyion of the craciz., See
Figure 1. According to Hetenyi (Ref. 1, page 31) a longitudinal
element of 2 cylindrical tube loaded symmetrically with respect to its
’ axis can be rejarded as a beam on an elastic foundation with the

foundation modulus being given by

k -""—-z (1)

It appears reasonable to assume that, when a crack is formed, the

v

above modulus is rcduced but that the form of the modulus remains
essentially the same. Thus, we will assume, for the case of a cylinder
with a crack, that tiwec element adjacent to the crack acts as a bearmm on

an elastic foundation with a foundation :uodulus equal to

C,Et

_ kr:..l_z 5 Ok | (2)
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See Figure 2. Obviously the support from the cylinder is greater near
the ends of the crack than it is in the center of the cracked area and,
as the crack length increases, the'average amount of support (repre-
sented by k') may decrease. We may thus find that Cl is dependent
upon the crack length g to some power

Consider now an element adjacent to the crack un’er a pressure
loadiny, p, an axial loading Nx’ and on an elastic foundation with a
modulus of k'. See Figure 3. Assume that the boundary conditions are
zero slope and zero deflection at the ends of the element. Then from

equation (109) of Ref. 1, we find the deflection is given by

_P . 1 . . _
™ =R .Ll - TSR X ¢t wmeing d { x cosh« x smp(z-x)+ psinha xcos 3( ¢ x)
+xsing x cosh&k (&-x)+gcosy x sinho((z-xﬁ]
' (3)
where

W, Ny
X=WEr * zET 4)
N

B = 7‘%’,[ S | (5)
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The above equation holds for N, <2 /k'EI., For values of N_ > 2/x'EIl

the equation (3) becomes

u =% [ 1 -_Esirﬁlq 81+ a(sfnh‘?& {o&. cosha x sinhp( &-x)+ p sinha xcoshE( &-x)
+ o(sinh;;x coshy (&-x)+ ; coshE)( sinhﬂ(t-x)H
(6)

where

- Nx k'
° = /zEr vg; (7
and @ remains the same as previously defined, Differentiating

equations (3) and (4) twice we obtain the expressions for slope and

moment for tl.e two cases, namely,

.C&; = BA,:: -E, A (u2+ B Z) sinh x sing (¢ -x)-(o&2+ K} Z)siné x sinh&( g-x)J
(8)

-

dz'q
El-d—‘? = MA= -.%,-I- Ax 2-l- B 2) [0( cosho x sin 3(&-x)- ysinh X x cos g(g-:;)
. X .

- pcos g x sinho (& -x)+ o(8in P x cosh (t-x)}
(9)

1
sinho( & + Xsinpé

(10)

where A=
tJ
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The maximum moment at the ends (x = ¢) is

- . El « sin 3¢ - p8inh o( g
MAm ,E' o« sin 3¢ + psinhK¢ (a" t g ) (11)

for Nx< 2+ k'El, and

dng 2 -2, | - -
= eB = - E, B - ") lsinhu x sinh g(£-x)-sinh 3 x sinhat (¢ -x)]
(12)
dZ"‘B pEI
EI --d—-z =Mp= - xr B(oc - B ) ot coshol x8inh p(&—x) psmhot xcoshp (c-x)
x
- scoshax sinho (¢ -x)+ oteinhrj X coshcx.(g-x)]
(13)
where
- 1
B = ‘.3 sinha ¢ +a Einh*‘u (14)
=0
The maximum moment at the ends (x = &) is
LEl ®sinh ¢ - §sinhaé 2 _ -2,
MBn'] Pxr a(,smhpz + ﬂsm}ixl (o p ) (15)

for N > z2vk'El
X

from equations (4) and (5)

0(.2+ pz= 2\/-4% (16)
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. and, from equations (4) and (7)
x*- 5% = avgpr a7

Replacin; EI by the plate bending stiiiness
.3
D = Et
12(1-U"7)

and k' by equation (2)

XTHpTE K- = i (18)
Thus, the end r ument equations become
R ] h l-
: t XK sinpgé - psinhx
M. =-p . in| s 19)
ges 2 \ﬁc - U‘) o 8ingé + psmho(I.J
® 1 L
Rt X sinh;¢ - [3sinh o ¢
Mp =-p an E— (20)
e 2 \/ZCl(l -yz) 28 '—1*‘55'36 + pdlnhoﬁ 3-
Also, fro: equation (<) and from the fact that
- PR -
N =% (21)

v

for a sirmply rressurized cylinder (no external loads)

4 _
%Cl(l- %) ‘/ o RZ /éCl(l V%)
L+el) Fion (22)

X = VRt
?/3(:1(1 V%) f 5 R)z ﬁcl(l V%
. | b= — 7w -8 (23)
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4

1

2
setting % (?R) = A (25)

Yic - p? = 82 (26)

and

| 2
AR N (27)
. .0 J 2
b= gre V1- R (28)
p - ”Rt 1 -1 (29’

m: 28 ¢ 2 2 '
A6 . B¢ AD / éa“ % / é%
1 +-zc-i sin Vrt 1l - 2—-C—-1 + 1- ) sinh i ,1_+ 1

- (30) —
Rt
= -p— [A]
26

MBmz-pZ—'E‘z A6 6¢ /A& |
l+2-c—-81nhm‘ ol+\/%——lsmh% l+%€-—

EIV
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The bending stress due io these moments arec

6MAm
Op =t —— (32)
t
6M
B
O, =+ m
B = ——-:2-— : {33)
and the total stress in the axial direction is therefore
3p,R R R 3 ] 1 :
o, =+5() [A} +%5 ) = ple X+ [A} +1}=0 (34)
Ap =gt | ‘g t t |- 52 1,
or
R 3 ., ,1
g =P(“ i —’lBJ + =0 (35)
| By, t){ _ 6‘[ 2 15

The circumferential stress at the edge oi the crack is given by

R _
T =0

Og = Czp 2 (36)

where C2 is a stress concentration factor representing the sensitivity

of the partic.ular material to a stress concentration., The value of C2

will therefore be different for different materials whereas C1 can be

expected to be essentially a constant insofar as materials are concerned.
Using the octahedral shear theory of failure, the maximum value

of the octahedral shear iz given by

Tn‘"‘% (ol-oz)2+(oz-o3)2+(o3- 01)2 (37)
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where 03 =0 or

38)
= 2\/02 2 (
L *Q— 1 v 9, - 9,0, :

and this must be related to the ultimate strength of the material, thus

! A 2
C3 °u=‘/°1 +02 - 0102 {39)

where C; includes the constants relating the shearing stress to the

ultimate tensile strength and also includes a factor covering the notch

sensitivity of the material since it is directly dependent upon the value

of CZ'
For the cylinder without a flaw
Po R
S Bl ol 2 (40)
- R
02 - pO (?', ] (41)
and
1" R
Cy 0, = p () (42)

Combining the constants C:; and C3" into C; we finally find from

equations (34), (39), and (42)

or




_ 3 [L7 .1 2 3 (.1 .1

A

2

The sign to be used for the term + -J—L [‘g] is that which gives the
o 1

largest value of C3p0. Since the bracketed quantities, [A} and [B}

contain Pa ana Py respectively it is impossible to solve directly for

pA/po or pq/go but a solution can be obtained by a successive approxi-

mation procedure.

at ¢AhRt=0 [8&}: 0 and C =/o.25+cz-0. 50C
B

3 2 2

and we obtain, finally

2
P \/0.25+C2 -—0.50CZ G
p

P 5]
o + 3 Slely vc2 6. l+ 3 (&) 4+ d
‘/_{_ 2 |5tz 2 ~“21X 52 |B| Yz

(45)

where 0 and c,are calculated by the usual simple thin walled
pressure vessel equation

P
PR 6 =_0 (46)

0 = o t

Experimental Verification

Three sets of experimental data were available for checking
the above theoretical treatment. .t GALCIT a series of expefiménts
were carried out using brass shim stock of 0,001 in. and 0.00% in.
thickness fcr.-ed into cylinders of 3,0 in. and .0 in, diameter. The
cylinders hau a 5 in. free length between brass eni plates widich were

soldered on. Loading was done with water pressure,
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An inverse process was used in which a crack of definite length
was cut into the cylinder with a sharp knife and then increasing
pressure was applied until failure occurred. The cracks were all
parallel to the cylinder axis. Each .ifferent sheet of brass shin: stock
was statically tested to determine its strength properties and the ratio
of failing stresses ¢ f/cJu was Lased on the actual ultimate failing
stress of the material. The value of o £ is the failing hoop stress with
a crack anc the value of g, is the ultimate stress of the nizterial as
determined by the failing hoop stress without a crack., An average
value of E = 15 x 106 psi was used for the brass ynaterial. Tables 1, 2,
and 3 and Figure 4 indicate the results of the tests in brass. Using
average experimental values of f/ou as a function of Ccr/mnd

A= %(?)Z average values of Cl = 0.10 and C2 = 2.50 were obtained.
These values were then used to plot the theoretical curves shown in
Figure 4,

.~8 can be seen in Figure 4, essentially all of the experimental
points lie Letween the curves for A = 2.0 and A = 8.0 which
represent the experirmental values of A . Also that, in general, for a
given value of ¢ cr/\/il—t, higher values of A correspond to higher
values of o f/° 4 28 predicted by the theory.

The other tWo set3 of cata originate fromm NACA Technical Note
3993 and concern cylinders made frorn 2024 and 7075 sheet inaterial,
The results o: these tests anad tiie cou:parison with the theory are
shown in Tables 4 and 5 and Figures 5 and 6 respectively., Actual test
values of ultimate stress were not available and, therefore, nominal

values were used throughout. As is well known,ultimate tensile
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strengths differ considerably with different thicknesses of sheet stock
ind would, therefore, lead to scatter in the test results.
Calculating the values of Cl and C2 from average test data
points it was :ound that C1 was essentially constant at a value of

Cl = 0. 10 (the same as for the brass cylinders) and that C, = 1,0

2
for the 2024 nsaterial and C, = 0, 75 for the 7075 material.

2

Again, tae test data show the same trends as that predicted by
the approximate theoretical treatment and, while the scatter is
considerably higher than that for the brass cylinders, this is evplain-
ed by the use ¢f an averayge nominal ultimate tensile stress for the
materials,

Two additional sets of data relating to the angle of the crack
with respect to the cylinder axis are of interest. These are shown in

Tables 6 an’ 7 and relate to brass shim stock cylinders tested at

GALCIT and 2024 sheet cylinders tested at the NASA., These data

indicate that the use of an effective craclk length given by

le= icrcose

gives results which lie well within the scatter band of the experimental

data for axia.l cracks (Figures 4 and 5) even up to angles of 8 = 60°.

Conclusions and Discussion

The approximate theoretical {reatment based on an elastic
support of the material near the crack appecars to give 1easonable
results when checked with experiment, For the two aluminum alloys

2024 and 7075 a more accurate determination of Cl and CZ, would be
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advisable and this could be done by an accurate determination of the
uitimate strengths of the materials to be used for the cylinder tests.

For new materials, such as stainless steels, it will be
necessary to establish the proper values of C1 and CZ by a limnited
number of actual cylinder tests using a range of values of both
e cr/\/_ﬁ_t: and A after which, the complete family of curves can be
drawn by use of the theoretical equations. To facilitate this work,
Figures 7, 8, and 9 are presented. These figures give graphical

solutions for the values [A;] and [B} as functions of 6¢/+/ Rt
L

and XGZ/Z.Cl and values of cf/o u 28 functions of {A] or [ B] .
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TABLE 1

All specimens 3. 0" diameter and 0. 001"
thick of brass shim stock
E = 15x 106 psi

MO s prossate  tPgy fer . p_(_fs)z
er Pf psi =0 ¢/q . vf"ptf E\ t
1 0 38.5 - 1.€CO 0 5,77
2 0 38.0 1,000 0 5.70
3 0 38.5 1.000 0 5.77
4 0. 060 33.8 0.884 1.58 5.07
5 0. 080 30.4 0.795 2.12 4.56
6 0.130 24.8 0. 649 3.42 3.72
7 0. 200 20.1 0. 525 5,26 3.18
8 0. 200 20.0 0.523 5,26 3. 00
9 0. 250 17.0 0. 445 6.58 2.55
10 0.250 17.2 0. 450 6.58 2,58
11 0. 250 18.0 0.470 6.84 2.70
12 0. 300 15.8 0.414 7.89 2.37
13 6.300 14.5 0.379 7.89 2. 17
14 0.350 12.3 0.335 9.22 1.92
15 0.420 12.8 0.335 11.05 1.92
16 0.500 9,5 0. 2438 13.15 1.43
17 0. 600 8.9 0.233 15. 80 1. 34

18 0.700 7.4 0.194 13.42 1.11
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TABLE 2

All specimens 5, 0" diameter and 0, 001"
thick of brass shim stock
E=15x l()6 psi

o lcelx;a“;l; pFr:ixl;I%e Pf/Pult ‘ cr A= _E(B.)Z
L. P, pei :Of/o VRt E tv
u

1 0 21.5 1.000 0 8.95
2 0.063 19.2 0 892 1.26 8. 00
3 - 0.063 18.5 0.860 1.26 7.70
4 0.125 16.0 0.744 2.50 6.066
5 0.187 14.9 0.698 3.74 6.20
6 0.187 15.5 0.720 3.74 6.46
7 0.200 14.0 0.622 4,00 5.83
8 0. 250 12.9 0.600 5.00 5.37
9 0.250 12.1 0.563 5.00 5.04

10 0. 300 11,0 0.511 6. 00 4.58

11 0.312 10.5 0.489 6.24 4.38

12 0.312 10.8 0.502 6.24 4.50
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TABLE 3

All specimens 5.0'" diameter and 0, 003"
thick of brass shim stock
E=15x 106 psi

Crack Failing | ¥ 2
length pressure f/Pult: VRE A= P.(_I:‘.
y/ P, psi =0 Rt E\t
cr S f/o
u
0 76.0 1. 000 0 3.52
0. 095 67.6 0.890 1.11 3.13
0.195 59.9 0.775 2.27 2.78
0.230 58.0 0.764 2.68 2.65
0.250 51.0 0.671 2.91 2,36
0. 250 54.0 0.711 2.91 2,50
0.250 52.0 0.684 2.61 2,41

0.295 49.6 0. 654 3.43 2,30
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TABLE 6
Brass shim stock cylinders
Constant crack length, &cr = 0,125"

All specimens 5, 0" diameter and 0. 001" thick
E=15x 106 psi

No. Crack Effective Test iE Average _pIR 2

sgle crack Pyp A2 Ryp wE[)
e . =0
flo, flo,

| 0 0.125 0.762 2.50 0.76 6.83
2 15.0 0.121 0.800 2. 42 7.17
3 15,0 0.121 0.800 2,42 0.80 7.17
4 22.5 0.116 0.823 2.32 7.38
5 22,5 0.116 0. 788 2.32 0.81 7.04
6 30.0 0.108 0.824 2.16 7.38
7 30.0 0.108 0.833 2.16 0.80 7. 46
8 30.0 0.108 0,740 2.16 6.62
9 45.0 0. 0885 0.837 1.77 7.50
10 45,0 0. 0885 0. 847 1,77 7.58
11 45.G 0. 0885 0.876 1.77 0.87 7.83
12 45,0 0. 0885 0. 904 1,77 8.08
13 60 0. 0625 0.851 1.25 7.63
14 60 0. 0525 0. 884 1.25 0.87 7.92
15 67.5 0. 0477 0.890 0.96 7.96
16 67.5 0. 0477 0. 961 0. 96 0.93 8.63
17 75 0.0324 0. 935 0. 65 8.38

18 75 0.0324 0.930 0.65 0.93 8.33
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® TABLE 7

From NACA Technical Note 3993
Material 2024-T3
Assumed 0, = 67, 000 psi
D=7.2" t=0.012"

E = 10 x 10° psi

No. Crack Crack Effective Test liE R 2

angle len,_gth crack of/ o —— A= -E(—t-)
8° tcr(ms) length ‘E u \/-ﬁ?

33 30 0.47 0.41 - 0.55 1.92 1. 10
34 30 0.95 0.82 0. 34 3.95 0. 68
A35 30 7.70 6.67 0. 04 32,08 0. 08
36 45 0.49 0.35 0.60 1.68 1.21
37 45 0.97 0.69 0.42 3.32 0. 84
. 38 45 1.93 1.36 0. 26 6.55 0.52
39 45 3.84 2,71 0.12 13.04 0. 42
40 45 7.75 5.48 0.03 26, 36 0. 06
41 60 0. 45 0.23 0. 64 1.10 1.29
42 60 0.98 0.49 0.51 2.36 1.03
43 60 1.95 0.97 0. 37 4.67 0.74
44 60 5.00 2.50 0.12 12.03 0.24
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FIG. >5 - COMPARISON OF THEORY AND EXPERIMENT FOR
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